Abstract. We consider deformations of flat conformal structures from a viewpoint of connected sum decomposition of conformally flat manifolds.
Introduction
Let M be a smooth n-manifold and C a conformal class on M . If, for any point p of M , there exists a metric g in C such that g is flat on some neighborhood of p, then (M, C) is called conformally flat. A conformal class on M is called a flat conformal structure if (M, C) is conformally flat. A Riemannian manifold (M, g) is conformally flat if the conformal class containing g is a flat conformal structure. And M is said to be conformally flat if M admits a flat conformal structure. If n = 2 a flat conformal structure on an oriented surface S is nothing but a conformal structure on S. A flat conformal structure on a conformally flat manifold is a natural generalization of a conformal structure on a surface. The space of conformal structures on an oriented surface is understood as, for instance, the Teichmüller space of Riemann surfaces. The Teichmüller space of a compact oriented surface S with genus greater than one is identified with the quotient of the space of hyperbolic metrics on S by the identity component of the diffeomorphism group of S. To understand this space, the following description is useful.
Let (S, g) be a compact oriented surface of genus h ≥ 2 with hyperbolic metric g. Then we can take 3h − 3 disjoint simple closed geodesics with respect to g. Cutting S along these geodesics, we obtain 2h − 2 hyperbolic surfaces with geodesic boundaries, and these are homeomorphic to S 2 with three disks removed. These hyperbolic surfaces with geodesic boundaries are called pairs of (hyperbolic) pants. Hyperbolic structures on a pair of pants are determined by the lengths of the three boundaries. On the other hand, S is obtained by gluing the boundaries of these pairs of pants by isometries. It is well-known that the lengths of the three boundaries and twisting parameters of identification of boundaries define coordinates on the Teichmüller space of S. In fact, it is easy to see that these coordinates consist of 6h − 6 parameters (note that in order to identify boundaries they must have the same length), and it is well-known that the dimension of the Teichmüller space of a surface with genus h is just 6h − 6. The coordinates of Teichmüller space defined as above are called the Fenchel-Nielsen coordinates. We refer the reader to [2] for a detailed exposition.
The subject of this paper is an attempt to describe the space of flat conformal structures on a compact conformally flat n-manifold (n ≥ 3) in a way similar to the 4940 HIROYASU IZEKI description of the Teichmüller space in terms of the Fenchel-Nielsen coordinates. In order to realize such descriptions, we have to consider the following two problems:
1. Decompose a compact conformally flat manifold into small pieces with flat conformal structures. 2. Describe deformations of flat conformal structures by deformations of patching of these small pieces and deformations of flat conformal structures on these pieces. In section 2, we consider Problem 1, using the C-prime decomposition (see section 2 or [8] ) of compact conformally flat manifolds, which is a decomposition with respect to connected sums (recall that a connected sum of conformally flat manifolds is also conformally flat by a theorem of Kulkarni [12] ). Then, in our case, a small piece corresponding to a pair of pants in Fenchel-Nielsen coordinates is a Cprime manifold (see Definition 2.1), which is a compact conformally flat manifold (without boundary). In order to obtain small pieces with flat conformal structures, since we decompose a manifold M with respect to connected sums, such as M = M 1 M 2 , we have to extend a flat conformal structure on M i \ n-disk, induced by restriction, to a flat conformal structure on M i (i = 1, 2). It is not known (to the author) whether this extension is possible or not in the general case. But for a compact manifold with Kleinian structure, this extention is possible and we obtain a reasonable decomposition with respect to connected sums. Theorem 2.8. Let M be a compact connected n-manifold with n ≥ 3, and C a Kleinian structure on M . Then there exist C-prime manifolds P 1 ,...,P k and a Kleinian structure C i on P i (i = 1, ..., k) such that (M, C) is conformal to (P 1 , C 1 ) ... (P k , C k ).
Here, (M, C) is called Kleinian if (M, C) is conformal to Ω/Γ for some open subset Ω of S n and some discrete subgroup Γ of the conformal transformation group of standard S n , which leaves Ω invariant and acts freely and properly discontinuously on Ω. Note that Ω/Γ has a natural flat conformal structure. A conformal class C on M is called a Kleinian structure (or a uniformized conformal structure), if (M, C) is Kleinian. See section 2 for the other notations. This theorem asserts that it is possible, in principle, to realize the description of the space of Kleinian structures in a way similar to the one using the Fenchel-Nielsen coordinates by means of the C-prime decomposition. In fact, we obtain a complete descriptiotion of the space of Kleinian structures on RP n RP n in such a way (see Appendix). Since, in this particular case, any flat conformal structure is Kleinian, this gives us a complete description of the space of flat conformal structures on RP n RP n following our program.
It should be mentioned that section 2 is based on a part of the author's previous paper [8] , and can be considered as a supplement to [8] .
In section 3, we construct a deformation of flat conformal structures on a connected sum of conformally flat manifolds from the viewpoint of Problem 2. Let (M 1 , g 1 ) and (M 2 , g 2 ) be compact conformally flat Riemannian manifolds and p i a point of M i (i = 1, 2). Then (M i \ {p i }, g i | Mi\{pi} ) is conformal to a complete Riemannian manifold whose end is isometric to a half-infinite cylinder [0, ∞)×S n−1 (1) with radius 1. Cutting each end along the totally geodesic (n − 1)-sphere of a halfinfinite cylinder and gluing the resulting manifolds along these (n − 1)-spheres of boundaries by an isometry, we obtain M 1 M 2 with a conformally flat metric. This Riemannian manifold contains a subset isometric to a finite cylinder (0, l)×S n−1 (1) for some positive real number l. 
That is, by changing the length of a cylinder, we can deform a flat conformal structure on M 1 M 2 , if each M i is not diffeomorphic to S n (see section 3 for a more precise statement). On the other hand, if either (M 1 , g 1 ) or (M 2 , g 2 ) is conformal to the standard S n , then two Riemannian manifolds constructed as above are always conformally equivalent (see Remark 2 following Theorem 3.1). As a consequence of Theorem 3.1, we see that the moduli space of flat conformal structures on a compact, non-trivial, conformally flat and non-C-prime manifold is noncompact (see Corollary 3.2). Here, the topology of the moduli space of M is given by the quotient topology which comes from the compact C ∞ -topology of the space of all conformally flat Riemannian metrics on M .
The deformation above is related to the bending deformation of Thurston (see [20] and [5] ). By Johnson and Millson, the bending deformations for compact manifolds are studied in terms of the cohomology of group representations in [9] . They proved a result corresponding to Theorem 3.1 for infinitesimal or small deformations, which says that the bending deformation gives rise to a non-trivial deformation of flat conformal structures in the Teichmüller space of M 1 M 2 (section 5 of [9] ). Here, the Teichmüller space of a manifold M is the quotient of the space of all flat conformal structures on M by the identity component of the group of diffeomorphisms of M . Theorem 3.1 tells us that the large bending deformation described above also gives us a non-trivial deformation in the moduli space, and we prove this by a purely geometric method. Here, we put special emphasis on the fact that our method also works for noncompact manifolds, if we consider the Teichmüller space instead of the moduli space, in contrast to the method of Johnson and Millson. See Theorem 3.4.
Though there are many other ways to deform connected sums defined in section 2, they do not always give us deformations of flat conformal structures (see Appendix). The result of Johnson and Millson mentioned above also suggests that, roughly speaking, a deformation of connected sums gives us a deformation of flat conformal structures on M 1 M 2 , if there is no conformal transformation on each (M i , C i ) which absorbs the deformation of connected sums. From this point of view, changing the length of a cylinder corresponds to essential conformal transformations, or more precisely, similarity transformations. And, as is expected from this, a theorem of Obata ([18] ) and Lelong-Ferrand ( [15] , [16] ) concerning the conformal transformation groups of compact Riemannian manifolds plays a key role in the proof of this theorem. Note that we do not restrict our attention to deformations of Kleinian structures here. See, for example, [1] for an exposition on deformations arising from those of discrete groups.
In the rest of this paper, we assume that a manifold M is connected with n = dim M ≥ 3. Moreover, if M is orientable, we also assume that M is oriented.
The C-prime decomposition of conformally flat manifolds
We start with a review of the C-prime decomposition of compact conformally flat manifolds defined in [8] . In this section, a manifold M is always assumed to be compact. 
If M is an oriented 3-manifold admitting a Kleinian structure, then this decomposition is unique (see [8, Corollary 3.7] ). On the other hand, 
Take a subset A of S n so that A is diffeomorphic to (0, 1) × S n−1 and satisfies the following conditions:
( Fix an orientation of S n . Let C i (i = 1, 2) be a flat conformal structure on M i and ψ i : E i −→ (M i , C i ) a conformal (orientation preserving) embedding. Note that E i has a natural flat conformal structure induced by restricting the flat conformal structure of S n .
Remark. 
Proof. The first assertion follows from the proof of [8, Theorem 3.2] . Let S be a subset of M , which is an embedded
Note that L i has a natural Kleinian structure induced by the restriction of a Kleinian structure C of M . In the proof of [8, Theorem 3.2] , this Kleinian structure is extended to a Kleinian structure on
, it is possible to extend a diffeomorphism of the unit (n − 1)-sphere of R n to a diffeomorphism of the unit n-disk of R n (see for example [3] and [17] ). Applying this fact to the above embedding restricted to S, we see that the second assertion of the theorem follows.
Remark. We can not expect M i to be diffeomorphic to M i if n ≥ 7. Let M 1 be an exotic n-sphere Σ n and M 2 be Σ n with the opposite orientation (n ≥ 7). Then M = Σ n (−Σ n ) is diffeomorphic to S n and clearly Kleinian, where −Σ n denotes Σ n with the opposite orientation. But Σ n does not admit a flat conformal structure. In this case, M i must be S n .
Using Theorem 2.7, we can prove the following theorem mentioned in the introduction in the same manner as the proof of Proposition 2.2 (see [8, Proposition 2.1]).
Remark. Let M be a Kleinian manifold, and fix a C-prime decomposition M = P 1 ... P k of M . If n ≤ 6, we can decompose a Kleinian structure on M with respect to this decomposition. That is, we can decompose (M, C) as (P 1 , C 1 ) ... (P k , C k ) for some Kleinian structure C i on P i . We can not expect this for the case n ≥ 7 at the present stage, since a differentiable structure of P i may change as we decompose a Kleinian structure C on M .
In the rest of this section, we consider a certain sufficient condition for a manifold to be C-prime, and show that most of familiar examples of conformally flat manifolds are C-prime. Note that, for a Kleinian structure C on M , there exists an open subset Ω of S n such that (M, C) is conformal to a quotient of Ω by a discrete subgroup Γ of the conformal transformation group of standard S n by definition.
Proposition 2.9. Let M be a Kleinian manifold and C a Kleinian structure on M . If the number of connected components of S
Proof. Assume M is not C-prime. Then, by Theorem 2.7, there exist non-trivial Kleinian manifolds
is conformal to a connected sum of (M 1 , C 1 ) and (M 2 , C 2 ). We show that unless the order of each Γ i is less than three, the number of connected components of S n \ Ω is infinite. If the order of each Γ i is less than three, then each Ω i must be compact and hence Ω i = S n . Since M i is non-trivial, each Γ i is of order two. Thus each M i is diffeomorphic to the real projective space RP n . Now we may assume that Γ 1 is of order at least three and Γ 2 is of order at least two. Thus M 1 \ n-disk is covered byΩ 1 = Ω 1 \(at least three disks) and M 2 \ n-disk is covered byΩ 2 = Ω 2 \(at least two disks). By the construction of Ω i in the proof of [ 
n \ Ω has at least three connected components. PutΩ 2 into D 1 and glue their boundaries suitably. Then at least one removed disk E i remains, and in order to obtain Ω, we have to put a copy ofΩ 1 into it and glue them along their boundaries. Then we see that (S n \ Ω) ∩ D 1 has at least two connected components. In order to construct Ω, we have to repeat this process of putting copies ofΩ i into D 1 infinitely. And when we put k copies of Ω 1 into D 1 , the number of the connected components of (S n \ Ω) ∩ D 1 is at least 2 k . Therefore S n \ Ω has infinitely many connected components. This completes the proof.
Proposition 2.10. Let M be a non-trivial manifold and not diffeomorphic to
and H m (−1) denote the unit Euclidean m-sphere and hyperbolic m-space with constant curvature −1 respectively, and products are Riemannian products.
n \(two points) and S n \ S q−1 respectively, we can apply Proposition 2.9 in this case.
Corollary 2.11. A non-trivial manifold admitting a locally homogeneous conformally flat metric is C-prime, except when it is RP
n RP n .
Proof. If (M, g) is locally homogeneous, then the Riemannian universal covering space (M,g) is homogeneous by a theorem of Singer([19] ). Since the conformal transformation group Conf(M,g) has positive dimension, either (M,g) is conformal to
) is conformally mapped onto S n (1) \ Λ by the developing map of (M,g), where Λ is contained in a round k-sphere with k ≤ n − 2, by a theorem of Goldman and Kamishima ( [6] ). In the last case, M is conformally equivalent to (S n (1) \ Λ)/Γ and Λ is the limit set of a discrete subgroup Γ of the conformal transformation group Conf(S n ) of the standard sphere. Let S k be a minimal round k-sphere containing Λ. Since if k = 0, S n (1) \ Λ is conformal to R × S n−1 (1) or R n , we may assume that 1 ≤ k ≤ n − 2. Let G be the image of Conf(M,g) by the map Conf(M,g) −→ Conf(S n ) induced from the developing map of (M,g). Note that G acts transitively on the developing image of (M,g) even if the developing map of (M,g) is not injective. It is clear that G leaves the minimal round sphere S k invariant. Thus if S k \ Λ is not empty, G can not act transitively on S n (1) \ Λ, and hence the developing image ofM is
. This completes the proof.
Constructing a deformation
In this section we prove Theorem 3.1 mentioned in the introduction. Before we prove Theorem 3.1, we give a more precise statement of the theorem.
Let (M i , g i ), i = 1, 2, be a compact conformally flat Riemannian manifold, where each M i is not diffeomorphic to S n . Let d(M) be the smallest number of the generators of the fundamental group π 1 (M ). We may assume 
by using above identification of each end. Identifying (0, l) × S n−1 ⊂ X and (0, l) × S n−1 ⊂ Y by a suitable isometry, we obtain a compact conformally flat Riemannian manifold diffeomorphic to M 1 M 2 . Denote this by (M,ĝ l ). Similarly, defineX
suitably, we obtain a compact conformally flat Riemannian manifold diffeomorphic to M . Denote this by (M,ĝ(l )) (see Figure 1 ). Now we can state Theorem 3.1. 
Remark 2. Assume M 2 is diffeomorphic to S n . Then, by a theorem of Kuiper ([10] ), (M 2 , g 2 ) is conformal to the standard n-sphere S n (1). In this case, k 0 , and thus, (M,ĝ(l )) can not be defined as above. But we can define (M,ĝ l ), which contains a subset isometric to (0, l ) × S n−1 (1) as follows: Choose l so that l > l, and let
with X \X by a suitable isometry, we obtain a conformally flat Riemannian manifold diffeomorphic to M . Denote this by (M, g l ). Note that there exists a conformal transformation
Then it is easy to see that, by choosing such a conformal transformation suitably, we can construct a conformal diffeomorphism from (M,ĝ l ) to (M,ĝ l ).
Assume that a compact conformally flat manifold M is non-trivial and not Cprime. Then, by definition, there are conformally flat manifolds M 1 and M 2 such that M is diffeomorphic to M 1 M 2 . Take a positive real number l 1 . Define l j , j = 1, 2, . . . , inductively as follows. Choose l j−1 to be greater than C(n, l j−1 ). The constant C(n, l) in Lemma 3.3 is the same as C(n, l) in Theorem 3.1. The proof of Lemma 3.3 is given in the next section. We note here that we do not have to assume M to be compact in Lemma 3.3.
Proof of Theorem 3.1. Take l so that l > C(n, l). Assume that there exists a conformal diffeomorphism ϕ : (M,ĝ(l )) −→ (M,ĝ l ), that is, (M,ĝ l ) and (M,ĝ(l )) are conformally equivalent. We prove the theorem by showing that this assumption leads to a contradiction.
Define subsets S k of (M,ĝ(l )) by
The natural inclusion X −→X (resp. Y −→Ỹ ) defines an isometric embedding
Clearly, a restriction of ϕ on some neighborhood of S 0 satisfies the assumption of Lemma 3.3. Thus we can take a subset A 0 of S 0 as A in the lemma. Then (M,ĝ(l )) \ A 0 has two connected components, and we denote them byX 0 andỸ 0 so thatX
We divide the rest of the proof into several steps and label them as (3.k.m). The first "3" stands for the number of this section, the second "k" stands for k of S k and the last "m" denotes a number of possible cases which occur as we consider the embedding of S k into (M,ĝ l ) (these cases are listed in (3.1.3)). 
We may assume that 
Then η is a well-defined conformal transformation on (M 1 , g 1 ). In particular, 
, replace a number "i" of M i and rename suitably X, Y ,X,Ỹ , and so on. Then, ϕ(A 0 ) ⊂ X and ϕ(Ỹ 0 ) ⊂ X hold. This is the case that we consider in the next step. 
By the argument in (3.k.2) below, we see that this contradicts our assumption. 
2 on a neighborhood of S 2 . As in (3.0.3), the conformal embedding ϕ 
has two connected componentsỸ 2 2 and (M,ĝ(l ))
k is defined on a neighborhood of S k and the conformal embedding
satisfies the assumption of Lemma 3.3. Thus we can take (
In the case k = 0 and either (1) 
we can derive a contradiction by (3.k.1) below. In the case when (2) holds for k ≥ 2, we can derive a contradiction by (3.k.2) below. Now assume that (3) holds for any
and hence
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (1) or (2) holds. 
and hence i X • ϕ is defined on T . Moreover, since
Thus we have is described as follows:
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Denote two connected components of T \ A k+1 k
is contained inX k , we see that
. Then we see that
. . k, we can glue E(α 0 ) ∪ S(α 0 ) to T and obtain a compact, connected and conformally flat manifold M as in (3.0.1). Denote E(α 0 ) ∪ S(α 0 ) glued to A j k by D j (see Figure 4) . By the discussion above, we see that
Applying the same argument as in ( 
We can derive a contradiction in each case as in (3.0.1). By the above discussion, we conclude that there is no conformal diffeomorphism between (M,ĝ l ) and (M,ĝ(l )). This completes the proof of Theorem 3.1.
Recall that Lemma 3.3 is also true for noncompact manifolds. Actually, a part of the proof of Theorem 3.1 also works for noncompact manifolds. Let (M 1 , g 1 ) and (M 2 , g 2 ) be conformally flat manifolds, possibly noncompact, which are not diffeomorphic to S n nor R n . Let M = M 1 M 2 and (M,ĝ l ) be as above. We do not assume that d(M 1 ) ≥ d(M 2 ) here, and we define (M,ĝ(l )) by setting k 0 = 0 (so (M,ĝ(l )) contains a subset isometric to (0, 2l + l ) × S n−1 (1)). Other notations are the same as above.
Then we have two conformally flat Riemannian manifolds, and there is a diffeomorphism ϕ 0 between them which maps i X (X) (resp. i Y (Ŷ )) ⊂ (M,ĝ(l )) toX (resp.Ŷ ). 
Figure 4
In other words,ĝ l andĝ(l ) represent distinct elements in the Teichmüller space of flat conformal structures on M .
Proof. Assume that there is a conformal diffeomorphism ϕ : (M,ĝ(l )) −→ (M,ĝ l ), which is isotopic to ϕ 0 . By Lemma 3.3, there is a subset A 0 of S 0 such that ϕ(A 0 ) is contained in either X or Y . We may assume ϕ(A 0 ) ⊂ X by interchanging M 1 and M 2 , if necessary. Since ϕ is isotopic to ϕ 0 , ϕ(X 0 ) is contained in X.
0 is isotopic to the identity map, it is easy to see that X \ ϕ(X 0 ∪ A 0 ) must be compact. Therefore, 
and η is an essential conformal transformation as in (3.0.1). If M 1 is compact, then M 1 must be diffeomorphic to S n , and this contradicts our assumption. Therefore, M 1 is noncompact. Let (M 1 ,g 1 ) be the Riemannian universal covering of (M 1 , g 1 ).
Fix a liftD i of D i , i = 0, 1, 2 and 3, so thatD i ⊂D j for i < j. Then there is a conformal transformationη on (M 1 ,g 1 ), which is a lift of η, such thatη(D 1 ) =D 3 . Fix a developing map Φ of (M 1 ,g 1 ). Since theD i 's are conformally equivalent to a round ball of S n , Φ is injective onD 3 . Then, it is clear that the conformal
where q 2 is the attractive fixed point of ξ. If this set U is a proper subset ofM 1 , then the boundary of U is mapped locally homeomorphically onto a point q 2 by Ψ. Therefore,M 1 is diffeomorphic to S n . But here, since we assume M 1 to be noncompact, (M 1 ,g 1 ) must be conformally equivalent to R n . On the other hand, the set U can be considered as a lift of the limit of η k (D 1 ) as k → ∞, thus (M 1 , g 1 ) itself must be conformal to R n . A contradiction. This completes the proof.
Remark. If M 1 or M 2 is diffeomorphic to either S n or R n , then (M,ĝ l ) and (M,ĝ(l )) may be conformally equivalent. This can be seen as in Remark 2 following Theorem 3.1.
The same argument which shows Corollary 3.2 leads to the following corollary. 
Proof of lemmas
To prove Lemma 3.3, we need some basic facts on a conformal invariant called the modulus, which is related to the theory of quasi-conformal mappings (see [21] for a detailed exposition on this subject). 
where the supremum is taken over all subdivisions of ∆.
Definition 4.2.
A path γ is said to be rectifiable if the length of γ is finite. And a path γ is called locally rectifiable if every closed subpath of γ is rectifiable. If γ is rectifiable, then γ is parametrized by arclength. In what follows, we assume that a rectifiable path is parametrized by arclength, and denote this parameter by s. Then, for a rectifiable path γ, the line integral along γ makes sense. These notions are also defined for a locally rectifiable path in a natural way. Let Γ be a path family. 
where dV g denotes the volume element of g.
Let E, F and G be Borel sets of (M, g). Define ∆(E, F ; G) by
The following are obvious consequences of the above definitions. For the proofs, see [21] . Proposition 4.7. 
) ⊂ Y holds, we see that A in Lemma 3.3 exists. Therefore, to prove Lemma 3.3, it suffices to show that if we choose l > C(n, l) and both ψ({0}
We prove Lemma 3.3 by deriving a contradiction in the case that l is greater than a certain constant depending only on n and l.
The set S is conformally equivalent to a subset S(a) of S n (1) defined as in the proof of Theorem 3.1 for some positive real number a. That is, there exists a conformal diffeomorphism i : S −→ S(a). Note that {0} × S n−1 (1) and {l } × that these hyperplanes satisfy
Denote two connected components of S(a) \ T 0 by E 0,1 and E 0,2 so that E 0,2 contains T l . Similarly, denote two connected components of S(a) \ T l by E l ,1 and E l ,2 so that E l ,2 contains T 0 . Then E 0,2 contains E l ,1 , and E l ,2 contains E 0,1 . Let v be a vector of R n+1 perpendicular to V 0 . Then, by (4.9), the x 0 -axis and v are linearly independent. Denote the 2-dimensional subspace spanned by the x 0 -axis and v by Q. We may assume the x 1 -axis is contained in Q. Let proj : R n+1 −→ Q be the orthogonal projection. Then proj(V 0 ) is a line in Q, and the x 1 -coordinate of proj(V 0 )∩proj(S(a)) takes its value between −(1−a 2 ) 1/2 and (1−a 2 ) 1/2 (see Figure  5) . Fix a positive real number 0 so that 0 < a. We may assume x = (0, 1, 0 . . . , 0) is contained in E 0,1 , and hence B 1 = {x = (x 0 , . . . , x n ) ∈ S(a); x 1 ≥ (1 − (a − 0 ) 2 ) 1/2 } is a round n-disk contained in E 0,1 . We get a round n-disk B 2 contained in E l ,1 in the same way. Define path families Γ 0 and Γ by We may assume π q (c) corresponds to the y 1 -axis of R n = π q (S n \{q}) and π q (S(0)) corresponds to the (y 1 , . . . , y n−1 )-subspace. Let the Euclidean distance between two connected components of the boundaries of π q (S(a − 0 )) be 2r 0 . Then the intersections of the y n -axis and the boundaries of π q (S(a − 0 )) are (0, . . . , 0, ±r 0 ), and π q (B 1 ) and π q (B 2 ) are disks centered at points of y 1 -axis and each radius is greater than r 0 . Set F = {y = (y 1 , . . . , y n ) ∈ R n ; y (F 1 , F 2 ; G) is contained in ∆(π q (B 1 ), π q (B 2 ); π q (S(a) \ {q})). By our choices of B 1 , B 2 and p, each of π q (B 1 ) and π q (B 2 ) is tangent to ∂(π q (S(a − 0 ))) at two points, and these two points are contained in the unit closed ball of R n , which is the image of the closure of the southern hemisphere by π q (see Figure 6 ). Since the Euclidean distance between these two tangent points is greater than 2r 0 , we have |h 1 | < 1. Moreover, since M(∆ (F 1 , F 2 ; G) Since the radius r 0 of F 1 is determined by a and 0 and we can choose 0 as, for instance, a/10, r 0 is determined by a. Thus we may consider that r 0 is determined by l. Set K(n, l) = 2 1−n Vol n−1 (F 1 ). For any γ 0 ∈ ψ −1 (Γ 0 ) = ∆({0} × S n−1 (1), {l } × S n−1 (1); (− , l + ) × S n−1 (1)), clearly l(γ 0 ) ≥ l holds. Thus, for any γ 0 ∈ ψ −1 (Γ 0 ), f = l 
